In this paper, a Markov chain model is introduced to study quality in flexible manufacturing systems with batch productions. To improve the quality performance in such systems, we introduce the notions of quality improvability and bottleneck sequence. A flexible system is improvable in terms of quality with respect to sequencing if there exists another sequence which renders better quality. In addition, we define quality bottleneck sequence as the one that impedes the product quality in the strongest manner, i.e., the sequence that leads to the worst quality among all possible sequences. To identify quality improvability and bottleneck sequences, we develop indicators only based on the data available on the factory floor. Numerical experiments show that these indicators provide correct identification in most cases, and can be used for quality improvement effectively. A case study at an automotive paint shop is introduced to illustrate the applicability of the method.
INTRODUCTION
Empirical evidence and analytical studies have shown that flexibility has a significant impact on quality (Inman et al. (2003) ). For example, in automotive paint shops, there is a strong correlation between the number of available colors and paint quality, and color change may lead to temporarily decline in quality (Zoia (2005A) , Bolat and Yano (1989) ). In machining operations, the location error of the flexible fixtures typically dominate the product quality, and frequent product change will result in readjustment of the fixture location, which may be detrimental to quality (Li and Huang (2007) ). Therefore, many flexible systems adopt batch operations to improve quality and reduce cost during changeovers. For instance, in paint shops, vehicles with the same color are typically grouped into small batches. In engine assembly lines, different types of engines are usually assembled in batches and changeovers occur on hourly basis. ⋆ This work is partially supported by by NSF Grant No. CMMI-
1114263.
⋆⋆ Please send all correspondences to Prof. Jingshan Li. Substantial effort has been devoted to both flexibility and quality, but independently. The study on the coupling between flexibility and quality is very limited. Most flexible manufacturing system studies focus on flexibility definition and measurement, investment cost, scheduling, tradeoff between productivity and flexibility, etc. It is typically assumed that quality related issues have minimal impact (Payne and Cariapa (2000) ). On the other hand, quality has been studied mostly from statistical control point of view (Shi and Zhou (2009) ), without addressing the flexibility concerns. Only limited studies address the flexibility's impact on quality. For example, an empirical study on the issues of flexibility, productivity and quality shows that flexibility impacts quality (Chen and Adams (1991)) . A Markov chain model is introduced in Li and Huang (2007) to evaluate the quality in flexible manufacturing systems. It indicates that batch production may be an effective way to improve quality. Following this direction, Wang et al. (2010) study quality in flexible systems with batch operations, and discuss the structural properties, such as monotonicity or non-monotonicity, asymptotic properties, etc. In other directions, product sequencing has been discussed mostly from the point of view reducing set-up and changeover costs (Lahmar and Benjaafar (2007) ), or minimize color changes (Gagne et al. (2006) ). Batching in flexible manufacturing systems has been studied in terms of batch size selection to minimize flow time (Quadt and Kuhn (2007) ). However, product quality is not explicitly addressed in these studies.
In spite of these efforts, there is still a need for in-depth study of the correlation between quality and flexibility. In particular, how to improve quality in a flexible manufacturing systems is still not fully understood. The main contribution of this paper is in developing a continuous improvement method for quality in flexible manufacturing systems with batch productions. Specifically, we introduce the notion of quality improvability with respect to product sequencing in such systems, which addresses the property of improving quality through resequencing; and define quality bottleneck sequence, which is the sequence that impedes product quality in the strongest manner. We also develop indicators to identify such improvability and bottleneck.
Improvability is a property to improve system performance by redistributing the limited resources. For instance, a system (in terms of throughput) is improvable with respect to workforce (or buffer capacity, cycle time) if there exists another distribution that will lead to higher throughput. A system theory for throughput improvability has been developed (Jacobs and Meerkov (1995) , Li and Meerkov (2009)) . In this paper, we address the improvability in terms of quality with respect to product sequencing. In this case, a flexible system is improvable if there exists another product sequence that will lead to better quality.
Bottleneck identification and mitigation are essential enablers for continuous improvement in manufacturing operations. Most of the studies emphasize throughput bottlenecks. A system-theoretic method to identify bottleneck by measuring and comparing blockages and starvations has been developed and successfully applied on the factory floor (Kuo et al. (1996) , Li and Meerkov (2009) ). Similar to these studies, in this paper, we intend to develop a quality bottleneck sequence identification approach using the data available on the factory floor. Based on the collected data, we establish a quality bottleneck sequence indicator. Such an indicator could lead to identification of bottleneck sequence without complicated calculations of quality performance.
The remainder of this paper is structured as follows: Section 2 introduces a Markov chain model to evaluate quality in flexible systems with batch operations. The quality improvability and bottleneck sequence are defined and analyzed in Section 3. Section 4 introduces a case study of improving quality through resequencing. Finally, the conclusions are formulated in Section 5. Due to page limitation, all proofs are omitted and can be found in Wang et al. (2009) .
QUALITY EVALUATION MODEL
Consider a flexible manufacturing system capable of producing different types of products. The following assumptions address the flexible production system, product types, sequence, and quality characteristics. ,j (i.e., producing a good or a defective job for the j-th part in the batch of product type s l i ), respectively. Then, the overall quality performance of the flexible system for a given sequence s l , i.e., the probability to produce a good (or, a defective) part in batch production, is defined as P (g l ) (respectively, P (d l )), and is calculated from
Introduce notation δ ij , vectors X, Φ and matrix Γ (see next page) as follows:
Then we obtain (Wang et al. (2010) ): Theorem 1. Under assumptions (i)-(vii), the probability of good parts P (g l ) is calculated by
where
, and x i is element of X and can be solved from
QUALITY IMPROVABILITY WITH RESPECT TO PRODUCT SEQUENCING
Product sequencing has an impact on product quality. For example, in automotive paint shops, it is typical to sequence darker vehicles after the lighter one, and not vice versa, to improve quality. Thus, to schedule an appropriate sequence to achieve better quality is of significant importance. Developing a method to improve quality through resequencing, and to identify the worst sequence to avoid during operations, is important. Specifically, we define the improvability with respect to product sequencing as follows: Definition 1. A flexible system with product sequence s l is improvable in terms of quality with respect to sequencing (referred to as S q improvable) if there exists another sequence s m such that
Otherwise it is unimprovable with respect to sequencing (S q unimprovable).
In this paper, we seek S q improvability indicator based on the collected data, rather than direct calculations of quality performance, to identify how to improve quality through resequencing. We pursue to use such an indicator to compare the resulting system quality with different sequences.
In addition, we refer to the worst sequence in quality as the quality bottleneck sequence, which is defined as Definition 2. A quality bottleneck sequence (BN-s) is the one that satisfies
Using a BN-s indicator, again based on the measured data on the factory floor, we can discover which sequence will be the bottleneck sequence that should be avoided in production operations.
To develop these indicators, we begin with the simple case, the Bernoulli-like case (i.e., δ ij = 0), then extend to more general cases. The results are presented below.
Bernoulli-like case
In case of δ ij = 0, ∀i, j, i.e.,
the quality failure and repair probabilities form like Bernoulli trials. Thus, such a model is referred to as a Bernoulli-like model. Typically, the quality failure probability λ ij is small, and quality repair probability µ ij is large. Therefore, the sum of them is close to 1. Assumption (11) does not have a large deviation to practice. Then, the probability to produce a good part for a given sequence s l in batch production can be simplified as: Corollary 1. Under assumptions (i)-(vii) and Bernoullilike assumption (11), the probability of good parts P (g l ) is calculated by
As one can see from equation (12), only transitions between different products contribute to product quality. Thus, whether a system is S q improvable or not can be answered by checking whether the summation of all repair probabilities with product switch is improvable or not. In other words, we have Proposition 1. Under assumptions (i)-(vii) and Bernoullilike assumption (11), a flexible system with product sequence s l is S q improvable if and only if there exists another sequence s m such that 
can be viewed as a S q improvability indicator. Clearly, the optimal (i.e., S q unimprovable) sequence is the one that leads to maximum
The quality bottleneck sequence, i.e., the worst sequence in terms of quality, is then defined by the smallest summation of all repair probabilities with product switch. Therefore, an indicator for bottleneck sequence is introduced as:
BN-s Indicator: Under assumptions (i)-(vii)
and Bernoullilike assumption (11), the quality bottleneck sequence is the one that satisfies
As one can see,
can be used for S q improvability and bottleneck sequence identifications from the point of view of product sequencing.
Bernoulli-relax case
In practice, Bernoulli-like assumption does not have too much discrepancy from practical scenarios. However, such a condition is still too strict. Therefore, we prefer to relax this assumption to consider more general cases. Such cases are referred to as the Bernoulli-relax scenarios, i.e., 0
Since δ ij is small in most practical cases, in this paper, we focus on the cases that δ ij ≪ 1. (15), for a given sequence s l , the following statement on product quality P (g l ) is true:
,j |, ∀i, j, and
Equation (16) can be further deduced to
It is clear that when δ max ≪ 1, the difference between P (g l ) and µ l will be close to δ max , which is small. Since µ l represents the quality in the Bernoulli-like case, we could apply the same indicator to determine the S q improvability and bottleneck sequence. Specifically, we would like to investigate the effectiveness of the indicator
and indicator (14) to
Therefore, the goal is to check the correctness of conditions (18) and (19). To do this, numerical experiments are carried out by randomly selecting δ ij . For any given δ max , we randomly and equiprobably select µ ij and then λ ij such that
Such a selection implies that
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Then, we investigate whether Proposition 1 (using condition (18)) holds or not under the Bernoulli-relax assumption. For a given δ max , we randomly generate two sequences, where λ ij and µ ij are selected following (20).
We calculate the quality efficiencies and evaluate the good job probabilities for both sequences using Theorem 1. Then we compare the two sequences based on the quality efficiency (i.e., using Proposition 1 with condition (18) and the good job probabilities (using Theorem 1). If both comparisons result in identical conclusion, it implies that Proposition 1 with condition (18) is correct. Otherwise an incorrect comparison is obtained. For the cases of incorrect comparison, we check the differences in quality between two sequences. Such experiments are repeated for 10,000 times.
The results of this experiment are summarized in Tables  1 and 2 . It can be seen from Table 1 that Proposition 1 with condition (18) is corrected for more than 98% and 96% for δ max = 0.1 and 0.2, respectively. For the cases where Proposition 1 with condition (18) results in incorrect comparisons, the differences between two sequences are very small (Table 2) . Thus, we conclude that Proposition 1 (using condition (18)) can provide an effective comparison between two sequences. Therefore, a In Table 4 , the cases of incorrect selections are analyzed. First, the percentage that condition (19) selects the sequence with the second worst quality is calculated. It can be seen that among all the incorrectly selected cases using condition (19), roughly 90% and 80% of them result in selecting the sequence with the second worst quality, for δ max = 0.1 and 0.2, respectively. Second, we investigate the differences in quality between the worst sequence and the one selected based on condition (19) for all incorrectly selected sequences. As one can see that such differences are extremely small. 
In addition to the above cases where δ max is small, for completeness of the study, we also investigate the cases when δ max is large. As one expects, the percentage of correctness of BN-s indicator using condition (19) drops. However, even when δ max = 0.5, still the percentages that condition (19) can select the correct bottleneck sequence are more than 90% and 65% for n = 3 and 6, respectively.
Based on the above, we conclude that condition (19) can be used as a criterion to identify bottleneck sequence.
BN-s Indicator:
Under assumptions (i)-(vii) and Bernoullirelax assumption (15), the quality bottleneck sequence is the one that satisfies
A CASE STUDY
A case study at an automotive paint shop has been carried out to apply the results described above. In the paint shop we studied, the painting operation can paint any colors. A quality check station is next to the painting booth to check the paint quality of each vehicle (in many automotive paint shops, such a station is typically referred to as 'finesse'). There are seven available colors, denoted as colors A to G.
The good job ratio of this painting systems is measured with P (g) = 0.8278. Since the system is operating at a randomly mixed policy without specific sequencing, the results obtained in Li and Huang (2007) are used to model the system quality. Based on the historical data, we calculate the quality failure and repair probabilities, λ ij and µ ij . Using them, we obtain the calculated good job ratio as 0.8245, which is only 0.39% difference with the measured one. Thus, the model is validated. (Note that in order to confidentiality, the data presented here has been modified, however, the accuracy is preserved.)
Next, using the calculated transition probabilities, we obtain the quality bottleneck sequence as 'A-D-G-C-E-F-B', which leads to P (g) = 0.7356, much lower than current one. Then, we investigate how to improve system quality through resequencing.
• First, we select one sequence 'A-F-G-C-D-E-B', with ∑ e ij = 5.5884 and P (g) = 0.8235, which is close to current system measurement. We use this sequence as a replacement of current system operating under sequence policy.
• Then we randomly select another sequence 'A-F-E-G-B-C-D', which has ∑ e ij = 5.9837, and P (g) = 0.8564. It is clear that larger ∑ e ij results in higher P (g).
• Next, we check how to change the order of colors so that quality can be improved. For the sequence 'A-C-D-B-E-G-F', we switch the order of 'C' and 'D' , and obtain a new sequence 'A-G-F-C-D-E-B'. This results in ∑ e ij = 6.0936 and P (g) = 0.8857. This implies a 3.42% improvement can be achieved by simply switching the order of two colors.
The above study indicates that the method introduced in this paper can be used for quality improvement in flexible manufacturing systems.
CONCLUSIONS
In this paper, a Markov chain model is introduced to study product quality in flexible manufacturing systems with batch operations. Using such a model, we investigate the impact of product sequencing on quality. In particular, we introduce the notion of S q improvability and quality bottleneck sequence. A flexible system is S q improvable if there exists another sequence which renders better quality, and a quality bottleneck sequence is the one that impedes quality in the strongest manner. To check S q improvability or to identify a quality bottleneck sequence, indicators based on collected data on the factory floor are developed. Such development provides a simple tool for production engineers and managers to design the appropriate sequence to achieve higher quality in flexible manufacturing systems.
